We also comment on the effect of fluid viscoelasticity on the idea of destroying virus particles by acoustic resonance.
I. INTRODUCTION
Studies on the vibration of elastic nanoparticles embedded in fluid media have attracted considerable attention recently, due to potential applications, for example, as an alternative nondestructive tool for characterizing material properties 1 and designing mechanical and biological sensors. [2] [3] [4] Low damping, i.e., a high quality factor, is desirable in these applications for high detection sensitivity. It is therefore of interest to investigate the damping mechanisms due to energy dissipation or energy transfer to the surrounding media. In addition, biological nanoparticles such as viruses have also been modeled as elastic spheres in the studies of their vibration characteristics in different media, motivated by the idea of destroying viruses in a living host with ultrasound waves via resonance.
5-9
The resonant frequencies and damping characteristics of mechanical nanostructures with various shapes have been measured by a variety of experimental techniques. [10] [11] [12] From the modeling perspective, acoustic vibrations of elastic bodies are classical problems in continuum mechanics. For example, Lamb 13 studied theoretically the vibrations of an elastic sphere in vacuum. Subsequent works considered the vibration modes of elastic structures with different geometries, which are summarized briefly in Table I . In addition, the effect of different surrounding environments, including an elastic solid matrix, 14 and inviscid 15 and viscous 16, 17 fluid media, were also considered in later studies (Table I) . As a remark, for a nanoparticle with a typical size of tens of nanometers, the atomic spacing is usually sufficiently small that a continuum description is valid. 16, 17 Such a continuum approach was also shown to be successful in predicting the resonant frequency (on the order of tens of GHz) of a gold nanoparticle vibrating in water. 17 Recently, an experiment on the vibration of a bipyramidal gold nanoparticle (in the shape of a pair of truncated cones) in water-glycerol mixtures suggested that the highfrequency (20 GHz) vibration could trigger viscoelastic responses in the mixture, even in small molecule liquids. 18 The bipyramidal nanoparticle was excited to vibrate longitudinally along its major axis in a water-glycerol mixture. When increasing the glycerol mass fraction, the quality factor of the vibration displayed non-monotonic variations not explained by a
Newtonian fluid model; a viscoelastic fluid model (linear Maxwell model) however captured the behavior. In contrast to the longitudinal vibrations of bipyramidal nanoparticles, the breathing mode, which refers to purely radial vibrations, is mainly excited for spherical nanoparticles, 11 whose behavior in a viscoelastic fluid medium remains unexplored. In this paper, we first revisit the classical problem of the breathing mode of a vibrating elastic sphere in a Newtonian fluid, and then extend our studies to complex fluid media. 
II. FORMULATION
We consider the purely radial vibration of an elastic sphere of radius R in a compressible viscous fluid. This spherically symmetric motion is also called the breathing mode (see Fig. 1 for a schematic representation of the problem). The displacement field of the elastic sphere, u, is governed by the Navier equation in elasticity
where ρ s is the density of the solid, and µ and λ are the Lamé elastic parameters. We consider small-amplitude acoustic waves in the fluid, and hence the velocity field, v, is governed by the linearized Navier-Stokes equation for compressible flows
where ρ f is the density of the fluid, η is the shear viscosity, κ is the bulk viscosity, and p is the thermodynamic pressure.
Since the vibration is purely radial, we utilize a spherical coordinate system located at the center of the sphere. The displacement field of the elastic sphere, u(r, t) = u(r, t)e r , and the velocity field of the fluid, v(r, t) = v(r, t)e r , have only radial components that are functions of the distance from the origin r and time t. With this geometrical symmetry, the identity ∇ 2 a ≡ ∇(∇ · a) holds for a vector field a, which simplifies (1) and (2), respectively, to
where β = κ + 4η/3.
A. Elasticity: radial vibration of an elastic sphere
We take the divergence of (3a) and define the scalar function φ = ∇ · u to obtain
where c ℓ = (2µ + λ)/ρ s , which physically represents the velocity of longitudinal waves in an elastic material. We find time-periodic solutions of the form φ(r, t) = Φ(r)e −iωt for the breathing mode. By separation of variables we obtain
where A n are arbitrary constants, and k s,n = ω n /c ℓ are the unknown eigenvalues. The displacement field of the elastic sphere can then be determined by direct integration using
B. Fluid dynamics: propagation of acoustic waves
We now turn to the propagation of small-amplitude acoustic waves in the fluid surrounding the vibrating sphere. The linearized continuity equation for a compressible fluid is given
where ρ ′ (r, t) represents the density fluctuation; | ρ ′ |≪ ρ f . Together with the equation of state, p = c 2 ρ ′ , where c is the speed of sound in the fluid, (7) can be combined with (3b) to arrive at an equation for the density fluctuations
We again seek time-periodic solutions with the same vibration frequencies of the elastic sphere. Then, (8) can be solved by separation of variables to yield
whereÃ n are arbitrary constants and k f,n = ωn c
. The corresponding velocity field can then be obtained from the continuity equation (7) as
C. Elastohydrodynamics: coupling the radial vibration of an elastic sphere to the surrounding fluid
We couple the vibration of the elastic sphere to the fluid by matching the velocities and normal stresses at the boundary between the fluid and the vibrating sphere. Since small amplitude vibrations are considered, we use domain perturbation and expand the velocities and stresses at the boundary about the equilibrium radius of the sphere, R, a constant, keeping only the leading-order terms. For continuity of velocity, we compute the time derivative of the displacement field of the elastic sphere (6) and equate it to the velocity field in the fluid (10) evaluated at r = R, which results in
The stress tensor in the solid is given by
where γ = (∇u+(∇u) T ) is the strain tensor. For the spherically symmetric case considered here, the only non-zero component of the stress tensor is
The stress tensor in the fluid is given by
where tr(γ) = ∇ · v, andγ = 
where the equation of state and the continuity equation have been used.
Evaluating and matching the stresses in the solid (13) and fluid (15) at r = R leads to
III. RESULTS
For non-trivial solutions to the system of equations formed by equations (11) and (16), we require the determinant of the matrix representing this system to vanish, which leads to the eigenvalue equation for the natural frequencies ω n
We note that (17) is a transcendental equation to be solved numerically. Here c t = µ/ρ s represents the velocity of transverse elastic waves. We calculate only the results for the fundamental mode (n = 1) here, since it is mainly the mode detected in experimental measurements; 11 higher order modes can be obtained by finding other roots of the same equation. Hereafter, for simplicity we denote
For an inviscid flow (κ = η = 0), the eigenvalue condition (17) for ω reduces to
which was previously obtained by Kheisin. 15 The case ρ f = 0 corresponds to an elastic sphere vibrating in a vacuum, 13 where the eigenvalue condition further simplifies to
Dubrovsky and Morochnik 14 considered the breathing mode of an elastic sphere surrounded by another elastic medium. The eigenvalue conditions (17)- (19) can be alternatively obtained from the inviscid results of Dubrovsky and Morochnik by modifying the constitutive relation to include the viscous contribution from the fluid.
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For the case of vacuum surrounding the vibrating sphere, the frequencies determined from (19) are real because there is no damping outside the sphere. When the vacuum is replaced by an inviscid fluid medium, the frequencies determined from the roots of (18) become complex, which implies that the free oscillation of the elastic sphere in a fluid takes the form of a sinusoid attenuating exponentially.
15
A. Breathing mode of a gold nanosphere in a Newtonian fluid
Here we first consider the experimental setup of Ruijgrok et al., 11 where the breathing mode of a single gold nanosphere of 40 nm radius in water was measured. We denote the complex frequency ω = ω r + iω i , where ω r and ω i are, respectively, the real and imaginary parts of the frequency. In this paper we define the quality factor as Q = − ω 2 r + ω 2 i /(2ω i ), which is the same as the definition adopted in Pelton et al. 18 Note that Ruijgrok et al.
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defined the quality factor differently as Q ′ = −ω r /(2ω i ), which gives only small quantitative differences for the vibrations with low damping (ω i /ω r ≪ 1) considered in this section.
With the material constants of water given in Table II , 19 in the inviscid limit a quality factor Q = 53.7 is obtained using (18) . 11 Note that the attenuation in oscillation is not due to viscous dissipation in the fluid since an inviscid medium is considered. Instead, the attenuation comes from the propagation of energy into the surrounding medium away from the vibrating sphere. Compressibility in the fluid provides a mechanism for energy to propagate away from the vibrating sphere through acoustic waves. When the shear and bulk viscosities of water are taken into account, (17) gives a slightly reduced quality factor of Q = 52.6, as reported by Ruijgrok et al.
Although the modification of the quality factor by the viscous effects is relatively minor in this case, a more significant reduction in the quality factor can occur when water is replaced by a water-glycerol mixture, which is the fluid medium considered by Pelton et al. 18 The quality factor drops from Q = 40. 
Using the material constants of water from Table II , we obtain a quality factor Q = 841
for the incompressible viscous case, which is significantly larger than the quality factor when compressibility is taken into account (Q = 52.6). Although Pelton et al. 18 showed numerically that the effect of compressibility is insignificant for the longitudinal oscillations of a bipyramidal gold nanoparticle (with 25 nm base diameter and 90 nm total height), we demonstrate here an example of the breathing mode of nanospheres where fluid compressibility should be considered to obtain a reasonable prediction of the quality factor.
B. Parametric studies
We study the effects of different physical parameters on the quality factor by nondimensionalizing (17) to identify the dimensionless groups in our problem:
The dimensionless form of the eigenvalue equation (17) is
We first examine the relative importance of the viscous dissipation mechanism compared with the damping caused by the propagation of acoustic waves away from the elastic nanosphere at different values ofR = ρ f cR/η. The relative importance is characterized by comparing the quality factor when viscous effects are considered Q visc , to the quality factor when the fluid medium is assumed to be inviscid Q inv (hence, all damping is due to the propagation of acoustic waves away from the source). The ratio Q visc /Q inv should approach unity when viscous effects are negligible and decrease as the viscous effects become significant. (21)) are obtained from the material constants presented in Table II .
For the case of a gold nanosphere with 40 nm radius vibrating in water, we obtain the corresponding values ofR = 67.6 and the ratio Q visc /Q inv ≈ 0.98 (blue dot, Fig. 2 ). Viscous dissipation is therefore negligible as reported by Ruijgrok et al. 11 However, the viscous effects become more significant for the same vibration in a water-glycerol mixture with glycerol mass fraction χ = 0.56. (see Table II Table II . In both cases (blue solid and red dotted lines), we see the general trend that the viscous effects become significant when the dimensionless parameterR decreases. As the densities and sound speeds do not change significantly for different fluids, the value ofR is mainly determined by the radius R of the vibrating particle and the shear viscosity η. As expected, the viscous effects therefore become significant typically when the vibrating structure decreases in size or when the shear viscosity of the fluid increases.
We also investigate the effect of the viscosity ratio α = κ/η in a compressible flow on the quality factor. Intuitively, the quality factor may decrease with a larger viscosity of the fluid because of the increased viscous dissipation. Such is the case for an incompressible flow.
However, for the compressible flow considered here interesting variations are observed. In Fig. 3 , we vary the viscosity ratio α at different values ofR = 10, 50, 100 (Fig. 3) , keeping all other parameters fixed. As α increases, the quality factor can monotonically decrease (Fig. 3a) , increase (Fig. 3c) or vary non-monotonically (Fig. 3b) , depending on the value ofR. This indicates that fluid compressibility provides a mechanism through which nonmonotonic behaviors as a function of fluid viscosities are possible. 
C. Breathing mode of a gold nanosphere in a Maxwell fluid
The quality factor of high-frequency longitudinal oscillations of a single bipyramidal gold nanoparticle along its major axis in a water-glycerol mixture was recently measured by Pelton et al. 18 A non-monotonic dependence of the quality factor on the glycerol mass fraction χ in the mixture was observed: the quality factor first decreased as the glycerol mass fraction increased, reaching a minimum before increasing again. The longitudinal oscillation of the bipyramidal nanoparticle was modeled by dividing the bipyramid into infinitesimal sections along its major axis and approximating each section by a circular cylinder, where the solution for a longitudinally oscillating circular cylinder could be applied. With the same properties of water-glycerol mixtures at different mass fractions used in Pelton et al. 18, 20 (refer to Appendix B for a summary of these material properties), we compute the eigenfrequency predicted by the Newtonian fluid model using (17) . A monotonic decrease in the quality factor with the glycerol mass fraction χ is observed in Fig. 4 (blue lines) for nanospheres with radii of 10, 20, and 40 nm.
We employ the Maxwell model to describe the viscoelasticity of the fluid medium and take into account the effect of fluid compressibility in a similar fashion as Khismatullin and Nadim. 21 The total stress tensor σ in a compressible viscoelastic fluid can be written as
which represents the sum of the isotropic part and the deviatoric stress tensor τ that has a vanishing trace for the linear viscoelastic case considered here. 21 In a Maxwell fluid, the viscoelastic behavior is modeled as a purely viscous damper and a purely elastic spring connected in series. Due to the series connection, the total deviatoric stress in the viscoelastic fluid τ is the same as the deviatoric stress in the viscous damper τ D as well as that in the elastic spring τ S , i.e.
However, the total rate of strain γ is a sum of the contributions from the damper γ D and
The shear stress in the viscous damper is given by a Newtonian constitutive equation
where η D is the shear viscosity of the damper. The shear stress in the elastic spring is given
where E is the elastic modulus. We differentiate (26) with respect to time and use (27) and (28) to obtain a constitutive equation for the total shear stress τ and total rate of strainγ
where λ = η/E is the relaxation time. In the derivation we have used that the total deviatoric shear stress is traceless, tr(τ ) = 0, which implies tr(τ S ) = 0 according to (25) and therefore tr(γ S ) = 0 by (28). As a result, we have tr(γ D ) = tr(γ) in (29). When the relaxation time is zero, λ = 0, (29) reduces to the Newtonian constitutive equation (14) .
Since harmonic solutions are sought for the velocity field, the total shear stress tensor τ should also have the same temporal dependence, exp(−iωt). We can therefore rewrite (29), with this time dependence assumed, as
Comparing (30) with the Newtonian constitutive relation (14), we observe that the eigenvalue equation for the breathing mode of an elastic sphere in a Maxwell fluid can be obtained simply by making the following transformation in (17), Table II ). The critical relaxation time such that |λ c ω| = 1 is given by λ c ≈ 4 ps, which occurs when χ ≈ 0.56 (refer to Table III (Fig. 4b) . Similarly, the vibration frequency increases (f ≈ 152 GHz) when the nanosphere radius is reduced to 10 nm, which gives a smaller critical relaxation time (λ c ≈ 1 ps), and hence a deviation from the Newtonian results at a smaller χ (Fig. 4c) .
IV. DISCUSSION AND CONCLUSION
In this paper, we have revisited a classical calculation of the natural frequencies of a radially oscillating elastic sphere in simple and complex fluid media. We first considered the Newtonian fluid model taking into account both shear and bulk viscosities, and demon- The relaxation time λ of water-glycerol mixtures is typically small, on the order of 1-100 ps (Table III) ; the viscoelastic response is triggered only when the vibration frequency is sufficiently high such that |λω| 1. For the cases studied in this paper, the real part of the vibration frequency can be effectively approximated by the vibration frequency of a sphere in vacuum (19), where we solve for s = k s R for a given ratio of wave speeds in the elastic solid c l /c t . One can rewrite the condition |λω| 1 as |λc l s/R| 1, which leads to the condition R λc l |s|, a typical radius of the elastic structure smaller than which the viscoelastic response in the fluid would be triggered. For gold, |s| ≈ 3 by (19), and hence the viscoelastic effect has to be taken into account when the radius of the gold nanosphere is smaller than R ≈ 35 nm for a water-glycerol mixture with χ = 0.56, according to the material properties in Tables II and III. We also comment on the idea of destroying virus particles by acoustic resonance (see Introduction). The lifetime (or damping time, τ D = −1/ω i ) of the vibration was used in the literature [6] [7] [8] [9] to assess the feasibility of the idea. A major obstacle is the short damping time when the virus particle is embedded in a liquid. 7, 9 Assuming that the density and elastic properties of viruses were close to that of protein crystals (lysozyme), 22 the inviscid model by Talati Finally, we note that experimental measurements of the quality factor of nanoparticles are considerably lower than the theoretical predictions. Previous research attributed the discrepancy to other dissipation mechanisms intrinsic to the particle that were not taken into account in the theoretical model, for example, internal friction within the nanoparticle and the dissipation in the capping layer surrounding the nanoparticle. 
whereB n are arbitrary constants, and ω n are the frequencies of normal modes. The pressure field in the fluid can then be determined from (A3) as
While the stress in the solid (13) 
We again couple the solid and fluid problems by matching the velocity and stress at the boundary, r = R, and requiring the existence of a non-trivial solution, which leads to (20) in the main text.
Appendix B: Material parameters of the water-glycerol mixture
The density, ρ f , shear viscosity, η, bulk viscosity, κ, and speed of sound, c, of the waterglycerol mixture for different mole fractions of glycerol, χ ν , were experimentally measured by Slie et al. 20 We obtain the parameter values for different mass fractions of glycerol, χ, by using the relation χ = χ ν /(χ ν + (1 − χ ν )µ w /µ g ), where µ w = 18 g/mol and µ g = 92 g/mol are the molar masses of pure water and pure glycerol respectively. We use the relation λ = η/G ∞ and the measured values of the high frequency shear modulus, G ∞ , to find the relaxation time, λ, of the water-glycerol mixture for different values of χ. 18, 20 Numerical values of the parameters are summarized in Table III . 
